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Abstract :In this paper, we propose efficient 

method for solving the kinematic problem for 

asymmetrical parallel manipulators. By solving, we 

converted kinematic problem to the optimal form. 

Mathematical models are obtained by using loop of 

vector equation as other parallel manipulators. The 

example shown in this paper shows the applicable 

possibility of asymmetrical parallel manipulator. 

The joint variables as well as the sub parameters of 

each leg are accurately and fully defined. This 

method also does not require initial approximation 

values as Newton-Raphson method, which is a great 

advantage of the Banana method of kinematic 

problems. 

Keywords:Asymmetrical parallel mainipulator, 

kinematic problem sub parameter, joint variable, 

optimal. 

 

I. Introduction 
Parallel manipulators with advantages of 

stiffness, accuracy and excelled dynamic power due 

to having spare parallel transmission structure 

increasingly present in engineering. Small 

workspace, difficult design and control make 

parallel manipulators hard to widespread practical 

application. One of difficulties is to solve the 

kinematic problem of the parallel manipulators 

some authors have delved into symmetrical 

structures [1, 2, 3, 4, 5, 6]. In asymmetric categories, 

different structures in legs’ configuration make the 

complexity of problem increase dramatically. 

Obviously, the above-mentioned achievements are 

limited, so the new researchis needed to solve this 

issue. 

In the field of kinematic of parallel 

manipulators, the Newton–Raphson method has 

been usedmost widely [7, 8, 9] butbiggest drawback 

is suitable initial approximation values. In additions, 

this method is just applied favorably to standard 

driving robots while with deficiency or residual 

driving robots, the inversion of a non-square matrix 

will need more time. With transcendental 

mathematical structures as the kinematic 

equationsystem of parallel manipulators, GRP 

method is particularly suitable when the problem is 

resolvedby optimal solution [10, 11]. 

This paper presents a highly generalized 

method for solving the kinematic problem of 

asymmetrical parallel manipulators. This method is 

based on the GRP algorithm [12, 13] efficiently 

applied in serial manipulators. This theory has been 

also shown to work on symmetrical parallel 

manipulators. 

 

II. Mathematical model 
2.1. Types of joints are used in parallel structures 

Unlike serial structures, there are two types 

of joints in parallel structures: active and passive 

joints. Active joints are5-type joints connected to a 

motor: P (Prismatic) or R joint (Revolute).Passive 

jointsare not connected to a motion source, 

theytransfer power and are usually 4-type joints (H - 

helix joint, C - Cylinder joint, U - Universal joint) or 

3-type joints (S - Sphere joint). Structures of each 

joints as well as characteristic parameters are 

described in table 1.  

 

Types of 

joints 

P joint R joint H joint C joint  U joint S joint 

Symbol 
 

 

 

 

 

 

Parameter l (mm) q(rad) l(mm), q(rad) l(mm), q(rad) q1, q2(rad) q1, q2, 

q3(rad) 

Table 1: Structure and parameters of types of joints used on parallel manipulators 
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These parameters will be entered into the mathematical model of manipulator’s kinematic sequence. 

 

2.2. Principles of modeling general kinematic chain bya loop of vectors. 

 
Figure 1: General schema for a certain leg 

 

A closed loop of vectors is set onto any leg of robot 

which obtains bothfixed and mobile coordinate 

system, as shown in figure 1. Starting point is 

selected as the origin of the fixed coordinate system; 

Destination is the origin of mobile one. The 

following loop of vectors is based on orientation of 

component vectors gained from radial parameters 

and the direction cosine of each vector is set as 

follows: 

IAAA n ....21 (1) 

 

The equation (1) is a mathematical model of the 

current leg. In asymmetrical structure, (1) cannot be 

traced to the other legs. Equation of different legs 

needs to follow this principle. 

 

III. Solution. 
3.1. Conversion of equivalent problems 

A traditional kinematic problem is solving the 

nonlinear, transcendental equations. Analytical 

techniques considered as less efficient when applied 

in the reality because of the subjectivity ofsolvers, 

structural characteristics are not discussed in this 

paper. Numerical methods are highly applicable but 

some restrictions still exist. For instance, the 

Newton-Raphson method has problem with initial 

approximation values[], GA method is limited by 

solving time and accuracy of results when applied in 

form of the Rosenbroc-banana function []. 

In this section, the GRP method is presented to 

investigate the kinematic problems of asymmetric 

parallel manipulators. 

The closed loop equation (1) for a leg can be written 

as follow: 

( , , ) 1 , 1j i i i if q l p i n j m      (1) 

Where:i is the index of the i 
th

link on the j 
th

leg; 

,i iq  isdirection cosineparameter of the i 
th

link on 

the j 
th

leg; 

liis the length of the i 
th

link on the j 
th

leg; 

A nonlinear transcendental equation system exists 

when (1) is written for m full legs. This system can 

be square or non - square depending on the 

manipulator’s configurations (standard, miss or 

spare driving). With standard driving systems, the 

number of DOFs equals the number of active links, 

the number of variables of equation system is the 

same number of equations. It is favorable to use 

Newton-Raphson method to solve the problem when 

the suitable initial approximationis found. In case 

the driving structure is not considered, the equation 

system (1) is transformed as: 

2

1

( ( , , ) ) 1 , 1
m

j i i i i

j

Min f q l p i n j m


 
     

 


(2) 

 

This problem is presented in the optimal form so it 

allows adding more constrains such as selecting the 

control roots instead of pure mathematical roots. 

The main problem here is determining a suitable 

method to solve (2) when the manipulator owns a 

large number of legs.  

 

3.2. GRP method 
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According to [GRP], the GRP method has some 

characteristics as follow: 

- Use the derivative algorithm resulted in high 

converging speed; 

- Do not need the initial approximation value; 

- Converging speed and the accuracy depend on 

how to calculate the difference;  

   Comparing three methods included GA, SQP and 

GRP [] shown that GRP method is absolutely 

suitable for the target functions in forms of 

Rosenbroc-banana. This method was used to solve 

kinematic problem of symmetrical parallel 

manipulators by modifying variable to downgrade 

target functions [Trung’s thesis]. The RGP method 

has been shown to work on solving problems of 

form (2). 

 

IV. Illustration on an asymmetrical parallel 

manipulator. 

4.1. Modeling by vector loop method. 

An asymmetrical parallel manipulator is a 

manipulator with different leg configurations. This 

is resulted from technology and asymmetrical 

workspace. The studied system is shown in figure 2. 

 
Figure 2: An asymmetrical parallel manipulator (a) and its graph (b) 

 

Leg A has URU configuration with 5-DOF, driving 

R joint; 

Leg B has RSS configuration with 7-DOF, driving 

revolute joint (R-joint). However two spherical 

joints (S-joint) stand side by side and limit 

themselves to lose 1-DOF, leading to this joint is 

equivalent to universal joint (U-joint). 

LegC has UPU configuration with 5-DOF, driving P 

joint; 

As each leg has different configuration, this 

manipulator has the asymmetrical structure and the 

modelizationis proceeded with each specific leg. 

The base frame and the mobile platform frame are 

denoted byO0and O1coordinate frames, respectively. 

The triangles A1A2A3 and B1B2B3 are equilateral, 

separating the closed loop of leg A is shown in 

Figure 3. 

 
Figure 3: Diagram of a closed loop of leg A 

( , , )x y zp p p p and ( , , )RPYR f    are the position and the orientation of O1x1y1z1coordinate framewith 

respect to the frameO0x0y0z0 respectively. As shown in figure 3, the closed loop equation can be written as: 

.RPYa b R n m p   
    

(3) 

   Rewrite (3) as an expansion using direction cosine matrixes: 
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1 2 1 3 2 1

1 2 1 3 2 1

11 1 3

.c( )c( ) .c( )c( ) . . . . . . .

.c( )s( ) .c( )s( ) . . . . . . . .

. ..s( ) . ( )

A A A A A B

A A A A A B

BA A A

a q q b q q q xc c s s c c s c s c s s

a q q b q q q c s s s s c c c s s s c y

s s c c c za q b s q q

           

           

    

      
       
   
        

1

1

1

xA

A y

A z

px

y p

z p

   
         
        

(4) 

Closed loop of leg B is shown in Figure 4. 

 
Figure 4: Diagram of a closed loop of leg B 

The closed loop equation can be written as:  

.RPYc d R n p m   
    

(5) 

Rewrite (5) as an expansion using direction cosine matrixes: 

2 1 1 3 2

2 2

2 1 1 3 2

.c( )c( ) .c( ) . . . . . . .

.s( ) . . . . . . . .

. .. ( ) ( ) .s( )

B B B B xB

B B y

B B B B B z

c q q d q q pxc c s s c c s c s c s s

c q c s s s s c c c s s s c y p

s s c c cc c q s q d q q z p

           

           

    

        
              
             

2

2

2

A

A

A

x

y

z

 
 
 
  

(6) 

   Closed loop of legC is shown in Figure 5. 

 
Figure 6: Diagram of a closed loop of leg C 

The closed loop equation can be written as:  

.c RPYm l R n p  
   

(7) 

Rewrite (7) as an expansion using direction cosine matrixes: 

3 1 2 3

3 1 2 3

3 1 3

. ( ) ( ) . . . . . . .

. ( ) ( ) . . . . . . . .

. .. ( )

A c C C B x

A c C C B y

A c C B z

x l c q c q x pc c s s c c s c s c s s

y l c q s q c s s s s c c c s s s c y p

s s c c cz l s q z p

           

           

    

        
                   
               

(8) 

Equations (4) (6) and (8) can be gathered into an equation system included 9 equations with parameters 

analyzed as in table 2: 

Parameter Definition Forward problem Inverse problem 

( , , )x y zp p p p  Mobile platform position calculate given 

( , , )RPYR     Mobile platform direction  (calculate)* (given)* 
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a, b, c, d, m, n Robot’s texture parameters given given 

1 2 3, ,A A Aq q q  Direction cosines of leg A calculateqA1, qA2 calculate 

1 2 3, ,B B Bq q q  Direction cosines of legB calculateqB1, qB2 calculate 

1 2,C Cq q  Direction cosines of legC calculate calculate 

lC Length of leg C given given 

1 1 1( , , )A A Ax y z  Coordinatesof A1inthe frameO0 
given given 

2 2 2( , , )A A Ax y z
 

Coordinates of  A2inthe 

frameO0 

given given 

3 3 3( , , )A A Ax y z
 

Coordinates of  A3inthe 

frameO0 

given given 

1 1 1( , , )B B Bx y z
 

Coordinates of  B1in the 

frameO1 

given given 

2 2 2( , , )B B Bx y z
 

Coordinates of  B2inthe 

frameO1 

given given 

3 3 3( , , )B B Bx y z
 

Coordinates of  B3inthe 

frameO1 

given given 

Table 2: Parameters and their meaning in the mathematical model 

 Note: - ()* this parameter can’t be controlled because of lack of DOF 

 - Each manipulator’s leg has only one active joint (5-type joint), others are passive joints. Thus, qA3is 

the joint variable of leg A, two other parameters are sub-parameters. 

 -  qB3is the joint variable of leg B, two other parameters are sub-parameters; 

 - lCis the joint variable of leg C, two other parameters are sub-parameters;  

We can control variables, sub-parameters areto calculate, not to be controlled. Similarly, because of having three 

DOF, if the manipulator position, presented by ( , , )x y zp p p p , is chosen to control, the direction control, 

presented by ( , , )RPYR    , has to be ignored and vice versa. The next section will show the calculation 

method to control the position of manipulator mentioned above. 

   4.2. Solving the kinematic problem by the GRP method. 

   4.2.1. The inversekinematic problem.   

P(Px, Py, Pz) expressed the position of the origin O1 is given,9 parameters unknowns are: 

- Controlled variables of each leg: qA3, qB3, lC; 

- Direction cosines of each leg: qA1, qA2, qB1, qB2, qC1, qC2; 

 
Figure 6: Illustratethe result of an inverse dynamic problem at a studied point  



 

    

International Journal of Engineering, Management and Humanities (IJEMH) 

Volume 6, Issue 3, May-June, 2025 pp: 132-139ISSN: 2584-2145 ww.ijemh.com 

 

 

 

 

 

 

 

www.ijemh.com                                Page 137 

According to results of program, the value of target 

in problem (2) at the B20 (column B with respect to 

row 20) is small enough (1.06E-17). The 

convergence of the problem is achieved and 

corresponding solutions are shown on line 6 in 

figure 6. 

 

4.2.2. The forward kinematic problem. 

   qA3, qB3, lC are joint variables given, 9 parameters 

unknown are: 

   - The position of reference systemO1in reference 

systemO0or determine P(Px, Py, Pz); 

   - Direction cosines of legs: qA1, qA2, qB1, qB2, qC1, 

qC2; 

 

 
Figure 7: Illustrate the result of a forward kinematic problem at a studied point 

 

The convergence of the forward kinematic problem is achieved at the studied point when joints variables are 

given and the position and the orientation of each leg are absolutely determined. As a result of the problem, the 

accuracy is highly achieved because the value of the target function in B20 is approximately 0. 

 

TT x y z 

p1 0 150.3508 245.2768 

p2 68.8344 -111.4814 259.4241 

p3 99.0695 -39.0371 285.7916 

p4 99.0695 39.0371 314.2084 

p5 68.8344 111.4814 340.5759 

p6 0 150.3508 354.7232 

p7 -68.8344 111.4814 340.5759 

p8 -99.0695 39.0371 314.2084 

p9 -99.0695 -39.0371 285.7916 

p10 -68.8344 -111.4814 259.4241 
 

  

Figure 8: The trajectory of 10 points in the workspace 

Solving the problem by this proposed algorithm, the variation law of joints variables and sub-parameters of the 

manipulator is corresponding shown in figure 9: 

tt qa3 qb3 lc qa1 qa2 qb1 qb2 qc1 qc2 

P1 1.369845 -2.24626 -278.834 1.900616 1.570796 2.618677 0.431062 -2.06646 -4.37978 
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P2 0.683601 -2.10415 -294.245 2.323012 -0.72903 2.315972 -0.4723 -1.07937 -4.52745 

P3 0.671149 -2.00484 -298.14 2.277265 0.11021 2.129291 -0.21511 -1.28198 -3.9959 

P4 0.801918 -1.91578 -319.428 2.135596 0.732115 2.104031 0.046807 -1.38978 -2.89501 

P5 0.951818 -1.82866 -352.311 1.973021 1.167852 2.195193 0.292421 -1.31197 -1.85788 

P6 1.028283 -1.79641 -378.704 1.881067 1.570796 2.407639 0.431062 -1.21302 -1.23819 

P7 0.951818 -1.90095 -368.843 1.973021 1.973741 2.626449 0.292421 -1.17675 -0.65694 

P8 0.801918 -2.0193 -345.244 2.135596 2.409478 2.756978 0.046807 -1.14354 -0.09828 

P9 0.671149 -2.11545 -325.649 2.277265 3.031382 2.841925 -0.21511 -1.07085 0.42268 

P10 0.683601 -2.19297 -313.851 2.323012 3.870626 2.877707 -0.4723 -0.97301 0.883012 

P1 -1.36985 -2.24626 -278.834 3.270461 4.712389 2.618677 0.431062 -2.06646 1.903404 

 

 
Graph showing the variation law of qA3 and qB3 

 
Graph showing the variation law of lC 

 
Graph showing the variation law of three joints variables 
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Graph showing the variation law of sub-parameters 

 

V. Conclusion 
In this paper, we have shown that with asymmetrical 

structures, resolving kinematic problem by optimal 

form to use the GRP method is shown to work for 

both forward and inverse problem. The accuracy is 

highly achieved. It is important that this method 

allows proceeding on deficiency or residualmotion 

systems. In contrast to Newton-Raphson method, 

this method does not have difficulties to inverse 

non-square matrixes as a result of deficiency and 

residual structures and require initial approximation 

values. Especially, when considering the problem in 

optimal form, the condition to select the control 

solution can be used as boundary conditions, saving 

time for the kinematic data preparation of users.    
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